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Abstract 
The bubble-particle interaction is a common phenomenon used in numerous industrial applications. A stable 
attachment of the bubble on a hydrophobic surface is influenced by fast and stable creation of the three-phase contact 
line. All mathematical models which describe the TPC line expansion utilize the knowledge of dynamic and 
equilibrium contact angles.  The description of a drop or a bubble placed on an inclined plane or curved surface is 
very complicated. Up to now few methods were published, but these methods are not suitable for the description of 
sizeable amount of data. Therefore, the aim of this project is to figure out the methodology for relatively simple and 
fast calculations of contact angles. The special attention was paid on the ability of the model to describe the bubble 
shape during the adhesion on hydrophobic solid surface.When compared with the liquid drop placed on an inclined 
plane, the bubble holds nearly a spherical shape and contact angles in the upper and lower bubble end differ only 
little. The basic idea of our method is to divide the bubble into two parts and describe these parts separately. A set of 
points around the bubble is obtained and then the ADSA methodology is used. The calculated data were compared 
with experimental data and a very good agreement was obtained. The variation number divided by number of points 
corresponds to the value of experimental error.  According to the obtained results it is possible to conclude, that 
during the bubble adhesion on slightly inclined plane the dynamic contact angle differ insignificantly and along the 
whole contact line contact angles could be described using the average value. The error of such approximation does 
not exceed the experimental error. In the first part of bubble adhesion, the value of dynamic contact angle is 
influenced primarily by the bubble size and the contact angle decreases with increasing bubble size. Results of the 
work could have a great importance in the study of bubble-particles interactions on non-horizontal planes. We assume 
a noticeable simplification of the calculation of the TPC expansion. 
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1. Introduction 
The bubble-particle interaction is a common phenomenon used in numerous industrial applications. 
One of the most important processes is the flotation. This classic method for the separation of mineral 
ores or coal is based on a process where large bubbles interact with small particles with hydrophobic 
surface [1]. A basic principle of a flotation method was applied also in another industrial branch - in  the 
separation of plastics, but this separation is based on interactions of small bubbles and large particles. 
This contribution is focused on an interaction (an adhesion) between a small bubble and a large stationary 
particle, namely on the bubble adhesion. The adhesion is the 2nd step of the bubble-particle interaction 
and follows the collision between the bubble and the particle[2]. Main attention in our project is focused 
on study of the three-phase contact line expansion.  
The three-phase contact line is created after the drainage of the liquid film after the bubble-particle 
collision. Here short-range forces take over the control, namely the interfacial tension, intermolecular 
forces (van der Waals forces), electrostatic interactions and steric forces (if surfactants are present in the 
system) [3]. The expansion of the TPC line is very fast for first few milliseconds. Finally the TPC line 
expands to the steady state where all forces are in the equilibrium. The equilibrium state and 
simultaneously the shape of the droplet is determined by the Young’s relation [4]:  
        (1) 
 
The contact angle is the angle at which a liquid vapour interface meets the solid surface. Here, the 
solid-vapour interfacial energy is denoted as Vsg, the solid-liquid interfacial energy as Vsl and the liquid-
vapour energy as V. θ0 is the equilibrium contact angle. The Young’s equation assumes a perfectly flat 
surface, equilibrium between vapour and liquid phase and further ideal conditions. These requirements 
are usually not fulfilled, nevertheless this equation is widely used with sufficient accuracy in many 
applications.  
The adhesion process can be measured using several methods - the dropping particle technique, the 
captive bubble technique and the freely rising bubble technique. The third mentioned method was chosen 
for our experiments. A small bubble rises in pure water to a solid particle represented by an inclined plane 
and a profile of the bubble is captured using high-speed digital camera. The three-phase contact line 
expansion can be described experimentally or theoretically [5]. From the theoretical point of view two 
mathematical models can be used: hydrodynamic and molecular-kinetic model. Both models express the 
radius of the TPC as a function of the dynamic contact angle, the equilibrium contact angle, time and one 
or two adjustable parameters. The key quantity is the dynamic contact angle and its dependence on time. 
Numerous methodologies have been developed for the measurement of interfacial tensions and contact 
angles. Of these, axisymmetric drop shape analysis (ADSA) methods are considered to be the most 
powerful because of their accuracy, simplicity and versatility. Unfortunately the description of a drop or a 
bubble placed on an inclined plane or curved surface is undoubtedly more complicated. Up to now few 
methods were published, but these method are not suitable for the description of sizeable amount of data. 
Therefore, the aim of this project is to figure out the methodology for relatively simple and fast 
calculations of contact angles. The special attention was paid on the ability of the model to describe the 
bubble shape during adhesion on hydrophobic solid surface. 
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1.1.  Description of the bubble shape 
The shape of the drop or bubble (and thus the contact angle) is generally determined by the 
combination of surface forces and gravity effects, the surface tension leads the drop to the spherical shape 
whereas the gravity tends to flatten the drop. The relationship between surface and external forces 
(gravity) is defined by the Laplace equation which relates the pressure difference across a curved 
interface to the surface tension and the curvature of the interface. The first analysis of the axisymmetric 
drop shape was carried out by Bashford and Adams [6], they generated drop profiles for different surface 
tensions and radius of curvature in the drop apex. Since then, the methodology is constantly being 
improved and refined, from tabulated values it was traversed to the calculation of the drop profile. Huh 
and Reed [7] developed the methodology which enabled the calculating of the drop profile, unfortunately 
for drops with contact angle greater than 90° only. Otherwise, Rotenberg et al. [8] developed powerful 
technique ADSA (axisymmetric drop shape analysis), which fits points of the measured profile to a 
theoretical curve, this methodology may have problem with the calculating of the drop profile with the 
contact angle greater than 90°.  
Techniques have been further developed also for non-horizontal surfaces and currently, there are two 
main ways (different by the approach) how to precisely describe the shape (and thus the contact angle) of 
a bubble or a drop on an inclined plane. First one is a mathematical model describing a drop shape on an 
inclined plane developed e.g. by Iliev and Pesheva [9]. The numerical method is an iterative minimization 
procesure based on the local variations approach, so it allows finding drop shapes which are not axially 
symmetric. This method is exact but very prolonged in the case of calculating many profiles. Altogether it 
was suggested for description of liquid drop shape, which is always more complex in comparison with the 
sessile bubble. Chini and Amirfazli [10] came up with the second  way based on an image analysis. Their 
method is based on the sub-pixel polynomial fitting principle where points around the bubble are 
interspersed by a polynome. According to the authors conclusions, excessive increasing in the number of 
pixel points beyond the plateau region would result in error in estimation of contact angle. The reason is 
that the polynome cannot eventually trace the drop boundary shape. As the plateau region will give way 
to deviations similar to when low number of pixels were used. For capturing of bubble-particle 
interactions, high-speed cameras are used. Due to high amount of captured images, the resolution is still 
relatively low. Therefore we suppose that the above mentioned method is not suitable for our purposes. 
The aim of this project is to figure out the methodology for relatively simple and fast calculations of 
dynamic contact angles. The presented method utilises advantages of above mentioned methods 
combining the image analysis and calculations. The basic idea is comically simple - divide the bubble into 
two parts and describe these parts individually. Contrary to the drop shape, the bubble adhered on slightly 
inclined plane has more or less spherical shape. The three-phase contact line seems to be nearly spherical 
nad contact angles in the upper and lower end differ only little. During the image processing the bubble is 
separated into left and right part and each side is described separately. A set of points around the bubble is 
obtained and then the ADSA (axisymmetric drop shape analysis) methodology is used. 
Derivation of equations describing the theoretical bubble shape was performed according to the model 
[7], which ensures that the drop shape with contact angles higher than 90° (bubble-lower than 90°) could 
be described. The bubble shape calculation is based on the Laplace - Young's equation that defines the 
relationship for the pressure difference on a curved interface. This model is defined by the system of 
equations in dimensionless variables x and y (horizontal and vertical direction, respectively) with the 
angle of sessile bubbles turn as the independent variable. 
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Initial conditions are in the origin i.e.     000   yx .         (7) 
Here x and y are dimensionless coordinates, r and z real coordinates, b and c are parameters and R0 is an 
initial curvature. The calculation is carried out iteratively, in each step the parameter value b is changed 
from the initial value with a step of 0.01 the initial value. For each step the objective function R (8) is 
enumerated; when reaching the lowest value of the objective function starts calculation of the new 
parameter value c (9). This calculation continues until the objective function is minimal. In accordance 
with the decrease of the objective function the curve is selected, which shows the best agreement with 
experimental data. 
                 (8) 
          
                  (9) 
 
The index i denotes the experimentally obtained points, the index e in the formula for calculating the 
parameter c indicates that it is the equator - point corresponding to φ = 90°. Finding the coordinates for an 
angle of 90 ° and the related calculation of the "new" parameter c is a very important step which ensures 
that the curve is "attached" correctly at this point and the final contact angle is higher than 90° (for a drop, 
for the bubble lower than 90°) . 
2. Experiment 
A freely rising bubble technique is used for experimental measurements of the three-phase contact 
expansion. The experimental measurements were done in a special glass flotation cell (50cm height, 8cm 
width and 6cm depth). Single bubbles with diameters 510 μm, 570 μm and 630 μm were created using a 
bubble generator. The single bubble is generated at the top of a thin capillary (inner diameter 10 μm, 
outer diameter 375 μm). A silanized glass placed on a horizontal or inclined plane (inclination 10°) is 
used as a solid particle. Dimethyldichlorsilan solution - (CH3)2SiCl2 - was used as a silanization solution. 
Experiments were provided in pure water; distilled, de-ionised and de-mineralised water was used at 25 
°C for all measurements. The pH value was 6.13 and conductivity 1.6 μS/cm. The surface tension of 
distilled water was 71.6 mN/m. Equilibrium contact angles of sessile drops on the silanized glass were 
measured using the ADSA technique. The contact angle for pure water was 97.8°. According to Zisman’s 
method the solid surface energy Vsg of the dimethyldichlorosilane was 23.1 mN/m. 
A bubble motion closely before the collision with the solid particle and during the adhesion was 
recorded using the high-speed digital camera (2 000 fps, resolution of 1280 x 256 pixels) Redlake Motion 
Scope M2 with the macroobjective Navitar. Time of the capturing was about 0.5 s (1 000 frames). For 
better capturing of images, the camera was rotated and the inclined plane on the shot appeared horizontal. 
A cold light source Schott KL 2500 was used for lighting of the measuring vessel. Images were evaluated 
using the image analysis software NIS-Elements and calculations were performed using the MatLab 
software.   
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3. Results and discussion 
3.1. Experimental results 
For understanding of the whole interaction process is good to know the typical running of the 
experiment.  Fig. 2 shows the typical running of the interaction of the bubble with the inclined. Every 
sequence begins with the approach of the bubble to a particle (1a). The collision occurs after bubble 
approaching to a sufficient distance to the particle, the liquid film is created and the bubble slides on the 
particle surface (2b). The liquid film than thins to the rupture (2c), the adhesion occurs and the three-
phase contact is formed (2d). The contact line than expands to the equilibrium (2e).  
 
Fig. 1. The interaction of the bubble and the particle: (a) approaching of the bubble to the particle, (b) sliding of the bubble on the 
particle: interfacial liquid film, (c) rupture of the liquid film, (d) adhesion of the bubble, (e) three-phase contact line expansion, 
plane inclination 10°, db = 510 μm 
 
Each bubble image is characterized by the contact angle on the left and right side of the bubble. The 
aim is to evaluate contact angles on both bubble sides during the whole adhesion process. For this 
purpose a new methodology was developed. It consists of two parts – image analysis and bubble shape 
calculation. Both are described in section below.  
3.2. Calculation of the theoretical bubble profile 
The methodology for the contact angle calculation was developed; it consists of the image analysis 
part, in which points around the bubble are obtained, and calculations where these points are used to fit 
the theoretical curve. Firstly a simple implementation of the image analysis software NIS-Elements was 
created enabling the detection of point coordinates around the bubble. Here, the original image is 
threshold and the reference image with marked inclined plane is added. The contour detection is carried 
out. The image of the inclined plane is subtracted and the bubble contour remains. Then the image is 
separated to isolated pixels. Coordinates of each pixel are measured and exported to the Excel file for 
next treatment. 
The general approach of the calculation of the theoretical bubble profile is to obtain the best fit 
between an experimental drop profile, represented by a set of two-dimensional points, and a theoretical 
curve. The programme for the calculation was developed in the Matlab software.  The data in the form of 
coordinates (x, y) are loaded from the Excel file, coordinates for each profile bubbles are arranged to 
columns (x,y,x,y…). These coordinates are reorganized so that the highest point of the bubble is placed in 
the origin point (0,0) and coordinates are then sorted into a part describing the right half and left half of 
bubbles. Each part of this is also counted separately. The model is valid for an axisymmetric bubble and 
is counted only half of the bubble (the other is identical). It means that it is possible to compute the left 
and right part of an asymmetric bubble separately as a single bubble. The output of the programme is a set 
of values describing the bubble (the contact angle and the variation) for both halves, which is exported to 
the Excel file. The calculated and experimental profiles of the bubble are displayed in the form of a graph, 
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as illustrated in Fig. 2. For better comparison of individual bubbles profiles the variation divided by the 
number of points is evaluated too (10).  
     
     (10) 
      
Fig. 2. The experimental bubble profile for the left and right side in time of 0.5 ms, 2 ms, 10 ms, 20 ms, 100 ms and 300 ms 
3.3. Contact angle evaluation 
Fig. 3 shows the simple drawing of the bubble adhered on an inclined plane; this picture represents the 
typical experiment (the bubble shape is excessive). According to the liquid drop description, contact 
angles on the left and right hand side are called the receding and advancing angle respectively. On 
horizontal plane, only description "left and right side" is used.  
Fig. 3. Drawing of the bubble on an inclined plane 
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Results both for horizontal and inclined plane are summarised in Table 1. In its first part are given 
calculated contact angles at specific times. The first part of TPC expansion follows immediately after the 
rupture and the process is very fast. This part is represented by times from 0 to 20 ms, where the "zero" 
time is considered as a moment of liquid film rupture. Second part of TPC expansion represents the slow 
process to the equilibrium (times 100 and 300 ms).   
  
Table 1. Contact angle and variation as the function of  time 
    contact angle(°)         
db  (μm) t (ms) 0.5 2 10 20 100 300 
horizontal plane       
510 left  20.0 40.9 70.7 75.4 78.4 81.6 
 right  19.4 40.1 72.1 77.0 81.4 81.5 
570 left  17.3 39.7 61.9 71.4 80.0 80.3 
 right  21.1 38.6 61.7 71.2 79.9 80.6 
630 left  17.7 32.7 60.1 68.8 77.3 81.1 
 right 15.4 31.7 60.7 68.7 77.7 79.9 
inclined plane       
510 receding 18.7 47.7 74.7 77.8 80.4 81.6 
 advancing 16.0 47.5 76.8 79.9 81.8 81.5 
570 receding 16.5 44.6 75.2 79.0 84.4 84.4 
 advancing 16.9 46.9 74.8 81.8 84.4 84.4 
630 receding 18.8 43.5 73.4 80.4 82.5 83.0 
 advancing 19.6 45.0 73.2 79.8 82.7 83.8 
    variation (μm)         
    0.5 2 10 20 100 300 
horizontal plane       
510 left 4.8 5.1 5.3 5.1 5.3 5.3 
 right  4.9 5.0 5.0 5.2 5.4 5.4 
570 left  4.7 5.4 5.1 5.1 5.2 5.2 
 right 4.9 5.0 5.1 4.8 5.3 5.5 
630 left  5.7 5.6 5.9 6.0 6.0 6.0 
 right  5.6 5.7 5.8 5.8 6.0 6.0 
inclined plane       
510 receding 4.7 4.9 5.3 5.2 5.4 5.3 
 advancing 3.9 4.9 5.2 5.3 5.4 5.4 
570 receding 5.9 5.7 6.0 6.3 6.2 6.2 
 advancing 5.9 5.3 6.0 6.0 6.2 6.2 
630 receding 5.8 5.5 5.8 5.9 5.9 6.1 
  advancing 5.7 5.3 5.8 5.9 6.2 6.1 
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For the sessile bubble on inclined plane the assumption implies that the advancing angle is greater than 
the receding one. For the horizontal plane left and right contact angles should be the same. With regards 
to the contact angles in Table 1, this assumption was not fulfilled.  The explanation is relatively simple. 
The bubble in a stagnant liquid rises with a remarkable velocity and after its collision with solid surface 
the single or even multiple bubble rebound is observed. The rebound is accompanied by bubble 
oscillations which are present in all directions. Due to this fact and due to the possible surface roughness 
the left and right contact angles differ. After sufficiently long time the bubble motion is decreased and the 
dynamic contact angle is close to the equilibrium state. For the bubble adhesion on the inclined plane, the 
bubble motion in the forward direction together the bubble oscillations and shape changes was recorded. 
For the assessment of the contact angles evaluation, the variation (10) was calculated. According to 
results in Table 1 (part 2) the variation increases slightly with time. It is caused by the decreasing number 
of points – there are more points around the bubble at the beginning of the adhesion than at the end. The 
increasing of the variation with the bubble diameter is affected by the calibration of the optic system 
which is not exactly the same for all settings. For bubbles with the diameter 510 μmand 570 μm on the 
horizontal plane (0° inclination) and the bubble with diameter 510 Pm on the inclined plane (10° 
inclination), the calibration was  3.02 μm/px; for remaining bubbles (630 μm - horizontal plane, 570 μm 
and 630 μm - inclined plane) the calibration was 3.46 μm/px.  The number of points decreases with time 
from 58 to 44 (approximately) for the calibration of 3.02 μm/px and from 64 to 50 for the calibration of 
3.46 μm/px, only exception is the bubble with diameter of 570 μm on the inclined plane – number of 
points decreases from 56 to 41. However, the variation is still in a range of the experimental error (around 
5 for the lower calibration, around 6 for the higher one), which corresponds on an average with one or one 
and half pixel in the image. 
Final results are illustrated in Fig. 4. The time dependence of receding and advancing contact angles of 
bubbles on the inclined plane (10°) is given here. The contact angles are given as relative values, that is 
the ratio of dynamic and equilibrium contact angles. After the beginning of the bubble adhesion, the 
contact angle increases very fast, the contact angle in time of 20 ms is almost equal to the contact angle in 
the equilibrium. For small inclinations, the difference between the receding and advancing angle is very 
small and does not exceed 3°. This difference slightly exceeds the experimental error (1°). The major 
differences were noticed in the first part of the adhesion, when the process is very fast and alongside the 
bubble motion is most important. As follows from Fig. 4, the bubble size influences the dynamic contact 
angle. Its value decreases with increasing bubble size. Bubbles of all sizes shows the similar contact angle 
in the equilibrium, the average value is 83.1°.  
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Fig. 4. Dependence of the contact angle on time, bubble on the plane with inclination of 10° 
4. Conclusions 
The aim of this work was to develop the methodology applicable for the description of contact angles 
of bubbles adhering on an inclined plane. When compared with the liquid drop placed on an inclined 
plane, the bubble holds nearly a spherical shape and the bubble shape in the upper and lower end differ 
only little. The basic idea of our method is to divide the bubble into two parts and describe these parts 
separately. A set of points around the bubble is obtained and then the ADSA (axisymmetric drop shape 
analysis) methodology is used. The calculated data were compared with experimental data and a very 
good agreement was obtained. The variation number divided by number of points corresponds to the 
value of experimental error.   
After the beginning of the bubble adhesion, the contact angle increases very fast. For small plane 
inclinations, the difference between the receding and advancing angle is very small and does not exceed 
3°. The major differences were noticed in the first part of adhesion, when the process is very fast and the 
bubble motion is important. The bubble oscillations and shape deformations were observed. All these 
shape movements influence the local value of the contact angle. During the slow part of the bubble 
adhesion the difference between receding and advancing angle does not exceed 1.5°. Here, the bubble 
shape is approaching to its equilibrium shape. It is possible to conclude, that during the bubble adhesion 
on slightly inclined plane the dynamic contact angle differ insignificantly and along whole contact line 
they could be described using the average value. The error of such approximation does not exceed the 
experimental error.  
According to the results, the dynamic contact angle is influenced primarily by the bubble size. The 
contact angle decreases with increasing bubble size. This influence is important in the first part of the 
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bubble adhesion, in equilibrium the contact angle is not influenced by the bubble size. Results of the work 
have a great importance in the study of bubble-particles interactions on non-horizontal planes. We assume 
a noticeable simplification of the calculation of the TPC expansion.   
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